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In this paper we find that the second law of thermodynamics requires an upper limit of the conductivity. To
begin with we present an ideal model, the cavity with a mobile plate, for studying the thermodynamic properties
of radiation field. It is shown that the pressure fluctuation of thermal radiation field in the cavity leads to the
random motion of the plate and photons would be generated by dynamical Casimir effect. Meanwhile, such
photons obey a non-thermal distribution. Then, to ensure the second law of thermodynamics, there must be a
upper limit of the conductivity.
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I. INTRODUCTION
When the space symmetry of a system is broken the sta-
tistical fluctuation may lead to macroscopic motion, which is
called molecular motor [1–5]. At the same time, the system
must obey the second law of thermodynamics. This will give
the system of molecular motor some rigorous limit. Contrast-
ing to the space symmetry, it has recently paid more attention
to the time asymmetry of the system. People want to under-
stand what macroscopical phenomena will result from ther-
mal fluctuations and what constraints on the system will be
prescribed by the second law of thermodynamics.
In quantum field theory, time-dependent boundary condi-
tions or uncharged mirrors in accelerated motion may induce
particle creation, even when the initial state of a quantum field
is the vacuum [6–8]. This purely quantum effect has been
known as the dynamical Casimir effect (DCE) [9]. In this
case, along with moving boundaries, the vacuum state of the
electromagnetic field is changed, and the changing vacuum re-
sults in the generation of photons. However, the reverse pro-
cess does not occur. This is the time symmetry breaking of
the system, which will lead to a phenomenon similar to the
molecular motor.
Generated photons in the DCE obey a non-thermal distribu-
tion. In some peculiar case, the non-thermal distribution will
lead to a system’s macroscopically breaking of the thermal
equilibrium. To keep the thermal equilibrium of the system,
the second law of thermodynamics requires a compensatory
effect. In this work, we shall study how need material to ab-
sorb photons generated by the DCE for ensuring the second
law of thermodynamics. Firstly we present an ideal model,
a conductor cavity with a mobile plate inside it. Assuming
the system to be initially at thermal equilibrium, the pressure
fluctuation will result in a pressure difference on both sides of
plate. It leads to a random motion of the conducting plate and
photons would be generated in the cavity by the DCE. Note
that these photons created do not satisfy the thermal distri-
bution but the super-Poissonian distribution [10], which may
break the balance of thermal radiation field. To ensure the
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second law of thermodynamics, created photons should be ab-
sorbed by the cavity wall in the relaxaion time; that is to say,
the photon absorption rate has to be greater than that of the
generation rate. Meanwhile, both the photon absorption rate
and the generation rate are related with the matieral’s conduc-
tivity. Thus an upper limit of the conductivity is prescribed.
It is confirmed experientially already that there is an upper
limit of the conductivity. However, this existence of the upper
limit lacks a theoretical proof. In this paper, we shall prove
this upper limit according to the second law of thermodynam-
ics.
The article is organized as follows. In Sec. II, we start by
analyzing the pressure fluctuation of the thermal radiation in
the cavity. Then we establish a Langevin equation describ-
ing the plate motion and derive the time correlation function
of the acceleration. In Sec. III, according to DCE we obtain
the numbers of photons created by random motion of the con-
ducting plate, and present an expression of the relative photon
generation rate per volume. Next, the second law of thermo-
dynamics is considered in Sec. IV, and we show that requiring
the photon absorption rate to be greater than the generation
rate, it could lead to an upper limit of the conductivity. Fi-
nally we conclude our work in the last section.
II. THE MODEL
In this section we will present a thermodynamic analysis of
thermal radiation field in the cavity with a mobile plate inside
it.
We consider a three-dimensional model of a thermal radi-
ation field within a rectangular cavity with conducting walls.
The cavity has the dimensions Lx, Ly and Lz. At the midpoint
of the cavity (x = Lx/2) a thin mobile plate is located, which is
made of the same material as the cavity walls. Thus the cavity
is divided into two regions: region I (0 ≤ x ≤ Lx/2) and re-
gion II (Lx/2 ≤ x ≤ Lx). For the sake of simplicity we assume
the system to be initially at thermal equilibrium correspond-
ing to some nonvanishing temperature T and the temperature
and pressure within two regions are equal, i.e., TI = TII, and
pI = pII. Owing to the pressure fluctuation in respect of
the thermal equilibrium, a pressure difference on both sides
of plate emerges [10]. The pressure difference is variable
2stochastically and leads to the random motion of the conduct-
ing plate. Under the motion of the plate, photons would be
generated in the cavity by the DCE.
Initially, the pressure of back-body radiation in the cavity
can be simply expressed by [11]
pa =
4
3σT
4, (1)
where the coefficient σ is the Stefan-Boltzmann constant and
the subscript a = I, II differentiate the radiation pressures in
the left or right cavity. Note that this pressure is proportional
to the fourth power of the temperature. At the same time,
owing to the pressure fluctuation, we can take the following
expression for the mean square fluctuation of the pressure [11]
(∆pa)2 = −kBT ∂pa
∂V
∣∣∣∣∣
S
, (2)
where kB is Boltzmann’s constant, and V is the cavity volume.
Now we put Eq. (1) into the above formula (2) and take
into account of Maxwell relations [11]. Then the mean square
fluctuation of this pressure can be rewritten as
(∆pa)2 = α3V kBT
5, (3)
with α = 4σ
c
. It is shown that the mean square fluctuation of
the pressure is proportional to the fifth power of the tempera-
ture and inversely proportional to the volume.
There is a correlation between ∆pa (t) at different instants.
This means that the value of ∆pa at a given instant t affects
the probabilities of its various values at a later instant t′. We
can characterize the time correlation by the mean value of the
product [11]
∆pa(t)∆pa(t′) = [∆pa]2e−λ(t′−t). (4)
Here the constant 1/λ determines the order of magnitude of
the relaxation time for the establishment of complete equilib-
rium.
Since pressure fluctuations on both sides of the plate are
obviously irrelevant of each other, the fluctuations of the pres-
sure ∆pI(t) and ∆pII(t) are statistically independent at each
instant. Then the pressure difference on both sides of plate
can be simply written as ∆P(t) = ∆pI(t) − ∆pII(t) which is
also a random variable. Finally, using Eq. (4), we obtain a
formula for the time correlation of pressure difference:
∆P(t)∆P(t′) = 2α3V kBT
5e−λ(t
′−t), (5)
At the same time, in the formal limit t′ → t, the mean square
fluctuation of the pressure difference is given simply as
[∆P]2 = 2α3V kBT
5. (6)
To illustrate how we may incorporate dynamics into the dis-
cussion of a stochastic process, let x˙(t) be the velocity of the
plate. The Newtonian equation of the plate’s motion is given
by
Mx¨ + βx˙ = ∆P(t)S + 1
2
(
∂A (x, t)
∂x
) (∣∣∣
x=L0/2
−
∣∣∣
x=L0/2+∆x
)
, (7)
where M and S are the mass and area of the plate respectively,
β is the friction coefficient, and∆x is the thickness of the plate.
This is called the Langevin equation [12, 13]. The first term
∆P(t)S denotes a randomly fluctuating external force induced
by the pressure difference while the second term, which is
enough small to can be neglected [14], represents the recoil
force due to photon radiation. For simplicity, the above for-
mulas can be equivalently expressed as
x¨ + γx˙ = s∆P(t), (8)
where s = SM and γ =
β
M is a damping coefficient. The above
equation (8) is a random differential equation describing how
the plate takes the Brownian movement. Let us assume that at
time t = 0, the velocity and position of the plate are x˙(0) and
x(0), respectively. Then the solution of the Eq. (8) is
x˙(t) = x˙(0)e−γt + e−γt
∫ t
0
s∆P (ξ) eγξdξ, (9)
This equation gives x˙(t) for a single realization of ∆P (t).
Since ∆P (t) is a stochastic variable, x˙(t) and x¨(t) are also
stochastic whose properties are determined by ∆P (t). The av-
erage velocity is x˙(t) = x˙(0)e−γt. Using Eq.(5) and Eq. (9) ,
the time correlation function of the velocity can be obtained
as follows
x˙(t)x˙(t′) = (x˙(0))2 e−γ(t+t′)
+s2[∆P]2
(
eλt − e−γt
γ + λ
) (
e−λt
′ − e−γt′
γ − λ
)
. (10)
Then the time correlation function of the acceleration can be
written in terms of Eq.(8)
x¨(t)x¨(t′) = γ2 x˙(t)x˙(t′) + s2∆P(t)∆P(t′), (11)
where the formula ∆P = 0 is used. Now we put Eq. (5) and
Eq. (10) into the above equation (11), and then derive the time
correlation function of the acceleration as
x¨(t)x¨(t′) = γ2 (x˙(0))2 e−γ(t+t′)
+γ2s2[∆P]2
(
eλt − e−γt
γ + λ
) (
e−λt
′ − e−γt′
γ − λ
)
+s2[∆P]2e−λ(t′−t). (12)
For time long enough, namely t, t′ ≫ 1/γ, the initial velocity
of the plate can be neglected. Then Eq. (12) becomes simply,
x¨(t)x¨(t′)
= s2[∆P]2
(
γ2
e−λ(t
′−t) − eλt−γt′ − e−γt−λt′ + e−γ(t+t′)
γ2 − λ2 + e
−λ(t′−t)
)
.
(13)
3In the following we can take x¨(t) to be any random function
of t, and shall write t instead of t′ for convenience. Then one
has
[x¨(t)]2 = s2[∆P]2
(
γ2
1 − e(λ−γ)t − e−(λ+γ)t + e−2γt
γ2 − λ2 + 1
)
. (14)
Thus it is equal to the mean square value of the fluctuating
function x¨(t).
Hence, the radiation pressure fluctuations in two different
regions of the cavity would lead to the random motion of the
conducting plate. In contrast to [10], we are interested here in
whether it is likely to create photons. This will be discussed
in detail in the next section.
III. RANDOM MOTION AND PHOTON CREATION
In above section, we get the time correlations of the acceler-
ation and the velocity of the plate. The movement of the plate
brings on the photon generation according to the theory of the
DCE [6, 7]. And the relative photon generation rate per vol-
ume will be derived. First of all we will calculate the numbers
of photons created by the DCE in the right or left cavity, which
is due to random motion of the conducting plate. Comparing
with Ref. [10], we have assumed that the type of motion of
the plate may be described by
x(t) =

x1(t) = L t ≤ 0
x2(t) 0 ≤ t ≤ t1
x3(t) = x2(t) = x0 t > t1
, (15)
with L = Lx2 , and x0 is a constant satisfied 0 < x0 < Lx.
Note that the cavity is at rest for times t ≤ 0 and t > t1, and
we require x2(0) = L, x˙2(0) = 0, x˙3(t1) = 0, and x(t) ≥ 0
for all tSince the system is initially in thermal equilibrium at
temperature T , we may take a number state |nk〉 to be the initial
quantum state of photons
|nk〉 =
(
a
(1)†
k
)nk
√
nk!
|0〉, (16)
where it denotes a number state with nk quanta in the kth mode
and a(1)†k are the creation operators at t ≤ 0. Then the mean
number of photons created from vacuum in this state during
the time interval [0, t1] is [10]
〈nk|a(3)†n a(3)n |nk〉 ≈ nk {δnk
+
36n2
c4pi4
1 − δnk
(n − k)6

√
n
k
1
6 x0 x¨(t1) −
√
k
n
1
6 x0 x¨(0)

2 .(17)
where a(3)n and a(3)†n are the annihilation and creation operators
at t > t1. Substituting Eqs. (13) and (14) into the expansion
(17) we can obtain the ensemble average of the expectation
value of the number operator
〈nk |a(3)†n a(3)n |nk〉 ≈ nk
{
δnk +
1 − δnk
(n − k)6 A(n, k)
}
, (18)
where
A(n, k) = n
2
c4pi4
x20s
2 2kBαT 5
3V
{(
n
k +
k
n
− 2e−λt1
)
+
γ2
γ2 − λ2
[
n
k
(
1 − e(λ−γ)t1 + e−2γt1 − e−(γ+λ)t1
)]}
. (19)
Note that from Eq. (18) the statistics of photons created do
not satisfy a thermal distribution but a super-Poissonian dis-
tribution [10]. Therefore, it turns out that photons generated
in the cavity are different from thermal photons. In this case
the relative photon creation rate per volume in the kth mode
can be written in the form
˜Pk(t1) =
∑
n
1
t1
1
nk
[
〈nk |a(3)†n a(3)n |nk〉 − nk
]
≈
∑
n
1 − δnk
t1(n − k)6 A(n, k). (20)
With the proviso that t1 ≫ 1/γ and t1 ≫ 1/λ the total photon
creation rate per volume in the lowest mode with k = 1 and
n = 2 are
˜P(t1) =
∑
k
˜Pk(t1)
≈ 2x
2
0s
2[∆P]2
t1c4pi4
[
γ2
λ2 − γ2
(
e(λ−γ)t1 − 1
)
+
5
4
]
. (21)
We note that this equation is greater than zero in any case.
Therefore, over time the total number of photons created
would continue to be generated and increased by the DCE.
To keep the thermal equilibrium of the system, it is necessary
to find a compensatory effect. This we shall discuss more fully
in Sec.¢.
IV. UPPER LIMIT OF THE CONDUCTIVITY
From the previous discussion, we learn that thermal pho-
tons in the cavity satisfy the Planck distribution, and photons
created by the DCE satisfy the super-Poissonian distribution.
Thus, these two types of photons have different distributions
and are statistically independent each other. From Eq. (21)
the total number of photons generated would continue to be
increased as time goes on. If there are no other physical ef-
fects of compensation, the system will transition to a non-
equilibrium state. This will violate the second law of ther-
modynamics.
Photons created by the DCE can not be directly converted
into thermal photons. Therefore, to meet the second law of
thermodynamics, photons created must be absorbed by con-
ducting walls or plate. That is to say, the reflection coefficient
of the conducting walls and plate need be less than 1.
First the reflection coefficient of the conducting walls and
plate is expressed as R. Then the absorption rate per unit time
can be written as 1−R f [15], where f = c/l is folding times of
a light beam in the cavity. At the same time, in order to satisfy
4the second law of thermodynamics, the photon absorption rate
per unit time must be greater than that of the generation rate
(
1 − R f
)
≥ ˜P(t). (22)
And according to Ref. [16], the reflection coefficient can be
written as R ≈ 1−2
√
2ωε0
σ
. Inserting Eq.(21) into Eq.(22), we
can get the expression of the conductivity as
σc ≤

√
8ωε0 f t1c4pi4
2x20s2[∆P]2
[
γ2
λ2−γ2
(
e(λ−γ)t1 − 1) + 54
]

2
. (23)
Note that the above expression (23) represents an upper limit
for the conductivity. For simplicity, different cases will be dis-
cussed. We shall complete our study by considering various
limiting cases. If λ ≫ γ, the relax time of radiation fluctuation
λ−1 is much less than the characteristic time γ−1 of the plate
motion. Then we can get
σc ≤

√
8ωε0 f t1c4pi4
2x20s2[∆P]2
(
γ2
λ2
eλt1 + 54
)

2
. (24)
In the opposite limiting case λ ≪ γ, the results are
σc ≤

√
8ωε0 f t1c4pi4
2x20s2[∆P]2
4
9

2
. (25)
By this means we can get an upper limit of the conductivity
which is result from the DCE. This result has no concern with
the structure of conductor and the property of its material. In
nature, this is an inevitable consequence that is caused by the
compatibility between the second law of thermodynamics and
the dynamical Casimir Effect. Then one can simply estimate
the value of this upper limit.
Now we insert some explicit numbers to get the upper limits
of the conductivity. The parameters are given as follow: the
mass of the plate M ∼ 0.01kg, γ = 10−3s−1 and the frequency
of the lowest mode is ω1 ∼ 1GHz for L ∼ 0.1m. Then in
the former case approximately σc ≤ 1022S · m−1 would be
obtained at room temperature T ∼ 290K during 1 hour, where
we take λ = 3(1−R)c2L (as in the appendix). And in the latter case
σc ≤ 10136S · m−1 would be gotten.
V. CONCLUSION
This paper discuss the possibility of upper limits of the
conductivity by virtue of the compatibility between the sec-
ond law of thermodynamics and the DCE. We first consider
a three-dimensional model of a thermal radiation field within
a rectangular cavity with a thin conducting plate. The system
to be initially at thermal equilibrium, the pressure fluctuation
in thermal equilibrium will result in a pressure difference on
both sides of plate. Then we establish a Langevin equation
describing the plate movement and derive the time correlation
function of the acceleration. It is important to notice that the
random motion of the conducting plate is in general nonzero,
which may lead to photon generation even from vacuum.
The relative photon generation rate per volume is derived
in Sec.III. First of all we calculate the numbers of photons
created by the DCE in the right or left cavity, which is due
to random motion of the conducting plate. And it is found
that the statistics of photons created by DCE do not satisfy a
thermal distribution but a super-Poissonian distribution. Thus,
it turns out that Photons generated in this cavity obey a non-
thermal distribution and present an expression of the relative
photon generation rate per volume. Finally, to ensure the sec-
ond law of thermodynamics, the photon absorption rate has to
be greater than that of the generation rate. Thus we obtain this
upper limit of the conductivity.
Appendix
In this Appendix, we derive the expresssion of the coeffi-
cient λ in the rectangular cavity with a thin conducting plate.
The energy density in the thermal equilibrium can be ex-
pressed as [11]
u =
E
V
= αT 4. (26)
And the intensity of emission is obtained as
J =
1
4
cαT 4. (27)
We study in this paper how the thermal radiation field with a
pressure fluctuation tends to equilibrium. The field only can
exchange energy with the cavity wall in relaxation time. The
energy flux of the exchange energy is expressed by the tem-
perature difference between the cavity wall and the thermal
radiation field. So when the system comes back to equilib-
rium, the change in the energy density is given by
∆u = αT 4 − αT 40 , (28)
where T and T0 are the temperature of radiation field and cav-
ity wall respectively. In this case the change in the intensity
of absorption can be read from Eq. (27) and Eq. (28)
A∆J =
1
4
AcαT 4 − 1
4
AcαT 40 =
1
4
Ac∆u, (29)
where A is the absorptivity of the cavity wall. Then, for the
rectangular cavity, the variation of internal energy per unit
time can be represented as
∆E
∆t
= ˜S A∆J, (30)
where ˜S is the total surface area of the cavity. Thus we get the
relaxation time for the establishment of complete equilibrium
∆t =
∆E
˜S A∆J
. (31)
5Considering the coefficient λ−1 being the order of magnitude
of the relaxation time [11], we put Eq. (29) into the above
formula (31) and then obtain
λ =
3Ac
2Lx
=
3(1 − R)c
2Lx
. (32)
Here R is the reflection coefficient and the equation A = 1− R
has been used.
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